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Introduction

We consider simple graphs. The edge-chromatic number χ′(G ) of a

graph G is the minimum k such that G admits a proper

k-edge-coloring.

Theorem [Vizing 1964]

If G is a simple graph, then χ′(G ) ∈ {∆(G ),∆(G ) + 1}.

A graph G is class 1, if χ′(G ) = ∆(G ), and it is class 2 otherwise.

Definition

For k ≥ 2, a class 2 graph G is k-critical, if ∆(G ) = k ,
χ′(H) < χ′(G ) for every proper subgraph H of G .

Definition

Let C be the set of critical graphs and C(k) be the set of k-critical
graphs for k ≥ 2.
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2-factor conjecture

Conjecture [Vizing 1965]

If G ∈ C, then G has a 2-factor.

Clearly, the conjecture can be formulated as follows:

Conjecture [Vizing 1965]

For all k ≥ 2, if G ∈ C(k), then G has a 2-factor.

True for k = 2. For k ≥ 3 it is an open question.
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2-factor conjecture: Partial results

Theorem [Grünewald, es (2004)]

Let G ∈ C. If G is overfull, then G has a 2-factor.

Theorem [Chen, Shan (2014)]

Let k ≥ 2 and G ∈ C(k). If |V (G )| ≤ 2k , then G has a 2-factor.
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2-factor conjecture: Partial results

Further re�nements: su�cient conditions for the existence of

Hamiltonian circuits by Luo and Zhao.

Theorem [Luo, Zhao (2013)]

Let k ≥ 3 and G be a k-critical graph. If |V (G )| ≤ 10 or

|V (G )| ≤ 7

6
k , then G is Hamiltonian.
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2-factor conjecture: Equivalent statements

Theorem [Bej, es (2017)]

For k ≥ 3, the following statements are equivalent:

1 Every k-critical graph has a 2-factor.

2 Every k-critical graph of even order has a 2-factor.

3 Every k-critical graph of odd order has a 2-factor.

4 Every k-critical graph G with δ(G ) = k − 1 has a 2-factor.

5 Every k-critical graph G with δ(G ) = 2 has a 2-factor.

6 For every k-critical graph G with a divalent vertex v : G − v
has a 2-factor.

7 For every k-critical graph G with a divalent vertex v : G and

G − v have a 2-factor.
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Conjectures on factors of critical graphs

Critical graph conjecture [Beineke, Wilson 1973,
Jakobsen 1974]

For all k ≥ 2: Every k-critical graph has odd order.

true for k = 2; false for all k > 2

1-factor conjecture [Fiorini, Wilson 1977]

For all k ≥ 2:

1 Every k-critical graph of even order has a 1-factor.

2 Let G be a k-critical graph of odd order and v be a vertex of

minimum degree in G . Then G − v has a 1-factor.

true for k = 2; false for all k > 2

Not much known on the structure of critical graphs.
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Conjectures on the structure of critical

graphs

Conjecture

Every critical graph has an Eulerian factor.

Conjecture

Every critical graph has a regular factor.

Both conjectures are true if the 2-factor conjecture is true.

Conjecture

For every k ≥ 2: Every k-critical graph has [1, 2]-factor.

true for 3-critical graphs (k-critical graphs G with

dG (v) ∈ {k − 1, k})
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Independence number conjecture

If G is a graph, then α(G ) denotes the maximum cardinality of an

independent set of vertices in G . The independence ratio of G is
α(G)
|V (G)| and it is denoted by ι(G ).

Conjecture [Vizing 1965]

If G ∈ C, then ι(G ) ≤ 1

2
.

Clearly, the conjecture can be formulated as follows:

Conjecture [Vizing 1965]

For all k ≥ 2, if G ∈ C(k), then ι(G ) ≤ 1

2
.

True, for k = 2. For k ≥ 3 it is an open question.
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Independence number conjecture: Results

Theorem [Woodall 2011]

If G ∈ C, then ι(G ) < 3

5
.

For some speci�c k ≥ 3, there are better bounds, e.g.:

Corollary

If G ∈ C(3), then ι(G ) < 7

13
.
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Independence number conjecture

Theorem

For every ε > 0, there is a set Cε of critical graphs such that

1 ι(G ) ≤ 1

2
for every G ∈ C if and only if ι(G ) ≤ 1

2
for every

G ∈ Cε.

2 If G ∈ Cε, then ι(G ) < 1

2
+ ε.
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Meredith extension

Definition

Let k ≥ 2 and G be a graph with ∆(G ) = k , v ∈ V (G ) with

dG (v) = d , and let v1, . . . , vd be the neighbors of v . Let u1, . . . , uk
be the vertices of degree k − 1 in a complete bipartite graph

Kk,k−1. Graph H is a Meredith extension of G (applied on v) if it
is obtained from G − v and Kk,k−1 by adding edges viui for each
i ∈ {1, ..., d}.
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Meredith extension

Theorem [Grünewald, es (1999)]

Let k ≥ 2, G be a graph with ∆(G ) = k and M be a Meredith

extension of G . Then G is k-critical if and only if M is k-critical.

Lemma

Let k ≥ 2, G be a graph with ∆(G ) = k and H be a Meredith

extension of G . Then ι(G ) ≤ 1

2
if and only if ι(H) ≤ 1

2
.
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Specific sets of critical graphs

Definition

For k ≥ 2 and t ≥ 0 let C(k , t) be the set of k-critical graphs G
with the following properties:

1 δ(G ) ≥ k − 1.
2 every v ∈ Vk−1(G ) is the initial vertex of k − 1 distinguished

paths pt
1
(v), . . . ptk−1(v) such that for all i , j ∈ {1, . . . , k − 1}:

1 V (pti (v)) ∩ Vk−1(G ) = {v},
2 |V (pti (v))| ≥ 2t(k − 1) + 2,

3 if i 6= j , then V (pti (v)) ∩ V (ptj (v)) = {v}, and
4 if w ∈ Vk−1(G ) and w 6= v , then V (pti (v)) ∩ V (ptj (w)) = ∅.

Proposition

1 C(3, 0) = C(3) and C(2, t) = C(2) for all t ≥ 0.

2 If k ≥ 2 and t ≥ 0, then C(k, t + 1) ⊆ C(k , t) ⊆ C(k).
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Meredith extension

Lemma

For every k ≥ 2 and every t ≥ 0: Every k-critical graph G can be

extended to a graph H ∈ C(k , t) by a sequence of Meredith

extensions.

Figure: H ∈ C(4, 0)
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Independence ratio: upper bounds

For k ≥ 0 and t ≥ 0, let ι(k) = sup{ι(G ) : G ∈ C(k)} and
ι(k , t) = sup{ι(G ) : G ∈ C(k , t)}.

Theorem

For every k ≥ 2 and every t ≥ 0: ι(k) ≤ 1

2
if and only if

ι(k , t) ≤ 1

2
.

Theorem

Let k ≥ 2, t ≥ 0 and ϕ(k, t) = t(k − 1)2 + k − 1. If G ∈ C(k , t),
then ι(G ) < 1

2
+ 1

4kϕ(k,t)+2
.
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Independence number conjecture

Theorem

For each k ≥ 2: limt→∞ ι(k, t) = 1

2
.

Theorem

For every ε > 0, there is a set Cε of critical graphs such that

1 ι(G ) ≤ 1

2
for every G ∈ C if and only if ι(G ) ≤ 1

2
for every

G ∈ Cε.

2 If G ∈ Cε, then ι(G ) < 1

2
+ ε.
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Thank you very much!
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