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INTRODUCTION

We consider simple graphs. The edge-chromatic number y/(G) of a
graph G is the minimum k such that G admits a proper
k-edge-coloring.

THEOREM [VIZING 1964]

If G is a simple graph, then \/(G) € {A(G), A(G) + 1},

A graph G is class 1, if x/(G) = A(G), and it is class 2 otherwise.

For k > 2, a class 2 graph G is k-critical, if A(G) = k,
X'(H) < X'(G) for every proper subgraph H of G.

Let € be the set of critical graphs and C(k) be the set of k-critical
graphs for k > 2.
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2-FACTOR CONJECTURE

CONJECTURE [VIZING 1965]

If G € G, then G has a 2-factor.

Clearly, the conjecture can be formulated as follows:

CONJECTURE [VIZING 1965]

For all k > 2, if G € C(k), then G has a 2-factor.

True for k = 2. For k > 3 it is an open question.
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2-FACTOR CONJECTURE: PARTIAL RESULTS

THEOREM [GRUNEWALD, ES (2004)]
Let G € C. If G is overfull, then G has a 2-factor.

THEOREM [CHEN, SHAN (2014)]
Let k > 2 and G € C(k). If |[V(G)| < 2k, then G has a 2-factor.
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2-FACTOR CONJECTURE: PARTIAL RESULTS

Further refinements: sufficient conditions for the existence of
Hamiltonian circuits by Luo and Zhao.

THEOREM [LuO, ZHAO (2013)]

Let k > 3 and G be a k-critical graph. If |V(G)| < 10 or
|V(G)| < Lk, then G is Hamiltonian.
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2-FACTOR CONJECTURE: EQUIVALENT STATEMENTS

THEOREM [BEJ, ES (2017)]

For k > 3, the following statements are equivalent:

@ Every k-critical graph has a 2-factor.

Every k-critical graph of even order has a 2-factor.

Every k-critical graph of odd order has a 2-factor.

Every k-critical graph G with §(G) = k — 1 has a 2-factor.
Every k-critical graph G with §(G) = 2 has a 2-factor.

For every k-critical graph G with a divalent vertex v: G — v
has a 2-factor.
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For every k-critical graph G with a divalent vertex v: G and
G — v have a 2-factor.
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CONJECTURES ON FACTORS OF CRITICAL GRAPHS

CRITICAL GRAPH CONJECTURE [BEINEKE, WILSON 1973,

JAKOBSEN 1974]

For all k > 2: Every k-critical graph has odd order.

true for k = 2; false for all kK > 2

1-FACTOR CONJECTURE [FIORINI, WILSON 1977

For all kK > 2:

@ Every k-critical graph of even order has a 1-factor.

@ Let G be a k-critical graph of odd order and v be a vertex of
minimum degree in G. Then G — v has a 1-factor.

true for k = 2; false for all kK > 2
Not much known on the structure of critical graphs.
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CONJECTURES ON THE STRUCTURE OF CRITICAL

GRAPHS

Every critical graph has an Eulerian factor.
Every critical graph has a regular factor.

Both conjectures are true if the 2-factor conjecture is true.

For every k > 2: Every k-critical graph has [1, 2]-factor.

true for 3-critical graphs (k-critical graphs G with
do(v) € {k =1, k})
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INDEPENDENCE NUMBER CONJECTURE

If G is a graph, then a(G) denotes the maximum cardinality of an
independent set of vertices in G. The independence ratio of G is
) and it is denoted by ¢(G).

CONJECTURE [VIZING 1965]

If G € C, then ¢(G) < %

Clearly, the conjecture can be formulated as follows:

CONJECTURE [VIZING 1965]
For all k > 2, if G € €(k), then ¢(G) < 3.

True, for k = 2. For k > 3 it is an open question.
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INDEPENDENCE NUMBER CONJECTURE: RESULTS

THEOREM |[WOODALL 2011]

If G € €, then ¢(G) < 3.

For some specific k > 3, there are better bounds, e.g.:

COROLLARY

If G € C(3), then 4(G) < £.
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INDEPENDENCE NUMBER CONJECTURE

For every € > 0, there is a set C. of critical graphs such that

0 1(G) < 1 for every G € C if and only if ((G) < % for every
6 E .

@ If G € C, then 1(G) < I +e.
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MEREDITH EXTENSION

DEFINITION
Let k > 2 and G be a graph with A(G) = k, v € V(G) with
dc(v) =d, and let v1,..., vy be the neighbors of v. Let uy, ..., uk

be the vertices of degree k — 1 in a complete bipartite graph

Kk k—1. Graph H is a Meredith extension of G (applied on v) if it
is obtained from G — v and K x_1 by adding edges v;u; for each
ie{l,..d}.
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MEREDITH EXTENSION

THEOREM |[GRUNEWALD, ES (1999)]

Let k > 2, G be a graph with A(G) = k and M be a Meredith
extension of G. Then G is k-critical if and only if M is k-critical.

LEMMA

Let kK > 2, G be a graph with A(G) = k and H be a Meredith
extension of G. Then «(G) < % if and only if ((H) < 1.

| \
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SPECIFIC SETS OF CRITICAL GRAPHS

For k > 2 and t > 0 let C(k, t) be the set of k-critical graphs G
with the following properties:

Q /(G)>k—-1.
@ every v € Vi_1(G) is the initial vertex of k — 1 distinguished
paths p(v),...pL_;(v) such that forall i,j € {1,... ., k—1}:
@ V(pi(v)) N Vie1(G) = {v},
@ |V(pi(v))| = 2t(k —1) +2,
@ if i # j, then V(pf(v)) N V(p;(v)) = {v}, and
o if we Vi_1(G) and w#£ v, then V(pf(v)) N V(pf(w)) = 0.

@ C(3,0) =C€(3) and C(2,t) = €C(2) for all t > 0.
@ If k>2and t >0, then C(k,t+ 1) C C(k, t) C C(k).
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MEREDITH EXTENSION

For every k > 2 and every t > 0: Every k-critical graph G can be
extended to a graph H € C(k, t) by a sequence of Meredith
extensions.
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INDEPENDENCE RATIO: UPPER BOUNDS

For k>0and t >0, let «(k

) =sup{¢(G) : G € C(k)} and
t(k,t) =sup{(G): G € C(k,t)}.

For every k > 2 and every t > 0: (k)
u(k,t) < 1.

IA

if and only if

1
2

Let k > 2, t>0and p(k,t) = t(k—1)> + k — 1. If G € C(k, t),
then «(G)

1 1
<2 T TkptkT2
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INDEPENDENCE NUMBER CONJECTURE

THEOREM

For each k > 2: lims_oo t(k, t) = %

v

THEOREM

For every € > 0, there is a set C. of critical graphs such that

0 1(G) < 1 for every G € C if and only if ((G) < & for every
G E .

@ If G € C, then 1(G) < I +e.
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Thank you very much!
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