On the number of type-0
triangles
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Given: a 4-connected plane triangulation GG
and a hamiltonian cycle

type—0 type—1 type—2
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Problem:

Find the smallest value tg(t) such that
every 4-connected plane triangulation G
with t faces contains a hamiltonian cycle

with at most tg(¢) type-0 triangles.
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Why is this interesting?

Impact on results on

e extendability of hamiltonian cycles

e the domination number

e k-walks
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32 {CHAPTER 3. HAMILTONICITY OF MAXIMAL PLAMAR GRAPHS

are equivalent 1f the boundary of a face in one embedding alwavs corresponds to the
boundary of a face in the other. We say that the planar embedding of a graph s unique
if the embeddings are all equivalent. H. Whitney [56) proved that the embedding of a |
3-connected planar graph s unique.

and with n > 7 vertices, then g humaltonion cycle € of G ewists so that kur = 4 and nf

Theorem 3.36 (GENEEAN) /[ G is o marimal planar groph without separating triangles F
least two 2-fronkier faces have one edge tn comrmon.

This would mean: there is always a
hamiltonian cycle without type-0 triangles,
SO

to(t) = 0 for all f.
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for ¢t not a multiple of 6:

at most two

-
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These examples give a lower bound:

to(t) > L —c

for a constant c
t = 6 for t a multiple of 6.
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The relation between the numbers of
type-0, type-1 and type-2 triangles:

type-? triangle < vertex with degree 3 — 1
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number of type-: triangles: t;
number of vertices with degree i: n;

In a tree with maximum degree 3:

ny =mn3+ 2
On one side of a hamiltonian triangle:
to =tg + 2

On both sides: to = tg + 4
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For a lower bound:

Prove the existence of hamiltonian cycles
with tg — and equivalently to — small

t =10+ 11+t

Prove the existence of hamiltonian cycles
with t1 large
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Possibility:

modify a hamiltonian cycle and
get rid of as many type-2 triangles
as possible
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Notation:
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(1,1)—pair (1,2)—pair (2,2)—pair
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Very bad: (2,2,2)-triples:
a type-2 triangle neighbouring two other
type-2 triangles

A\ A
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one (2,2,2)-triple destroyed
no (1,1)-pair destroyed

: A\ A =
o1 = ﬁ ‘. @;’w !
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one (2,2,2)-triple destroyed
no (1,1)-pair destroyed
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(c,1) <0 1 — <1 2

new

one (2,2,2)-triple destroyed

at most one (1,1)-pair destroyed
at least one (1,1)-pair created

AEhe Y og< = )8
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one (2,2,2)-triple destroyed

at most two (1,1)-pairs destroyed
at least two (1,1)-pairs created
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Conclusion:

Any hamiltonian cycle can be transformed
to a hamiltonian cycle with at least as
many (1,1)-pairs and where
every type-2 triangle is in a (1,2)-pair.
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Conclusion:

If a hamiltonian cycle of a triangulation has
p (1,1)-pairs, then there is also a
hamiltonian cycle with

t1 > t2+2p
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Using an old Lemma of Whitney:

Each 4-connected triangulation with at
least 7 vertices has a hamiltonian cycle with
a (1-1)-pair —so p > 1.
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t1 > to 42

t =10+ 11+t

t>tg+ 2to + 2 = 3tg+ 10
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with
6 ift=0 (mod 6)
62 if t=2 (mod 6)
71 ift=4 (mod 6)
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For 5-connected triangulations:

t—c<tg<Lt-4

...SO we have still quite a large gap. ..
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T hank you for your
attention!
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